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Time-delay interferometry is put forward to improve the signal-to-noise ratio of space-borne grav-
itational wave detectors by canceling the large laser phase noise with different combinations of
measured data. Based on the Michelson data combination, the sensitivity function of the detector
can be obtained by averaging the all-sky wave source positions. At present, there are two main
methods to encode gravitational wave signal into detector. One is to adapt gravitational wave po-
larization angle depending on the arm orientation in the gravitational wave frame, and the other
is to divide the gravitational wave signal into plus and cross polarizations in the detector frame.
Although there are some attempts using the first method to provide the analytical expression of
sensitivity function, only a semianalytical one could be obtained. Here, starting with the second
method, we demonstrate the equivalence of both methods. First time to obtain the full analytical
expression of sensitivity function, which provides a fast and accurate mean to evaluate and compare
the performance of different space-borne detectors, such as LISA and TianQin.
I. INTRODUCTION
One hundred years ago, Einstein predicted the gravita-
tional wave (GW) in general relativity (GR), which prop-
agates oscillations of the gravitational field in spacetime.
Since this oscillating signal carries information about
physics and dynamics of the wave sources, which helps to
test GR and observe the evolution of universe, studying
how to detect GW is significantly necessary, and a lot of
related researches have been performed [1–18], such as
LIGO/VIRGO [2–5], DECIGO [6], LISA [7], ASTROD-
GW [8], OMEGA [9], TianQin [10], TAIJI [11], etc. As a
ground-based detector, the GW signal has first success-
fully detected by advanced LIGO [1], and then more GW
events have been observed [19–22], which opens up a new
era of GW astronomy. Complementary to ground-based
interferometers sensitive to high-frequency band signal,
LISA is put forward to test the low-frequency band sig-
nal, which is the most notable example of space-based de-
tectors. TianQin space mission has been also proposed to
detect this similar frequency domain signal, which aims
at observing the GW emitted by a special source: J0806
[10, 23, 24].
To determine whether GW signal is detectable or not
for a given detector, it is extremely necessary to know
its sensitivity limit [25–29], which depends on the am-
plitudes of signal and noise in the output of the mea-
sured instrument. To improve the detectable strength,
one should make a lot of efforts to reduce the effect of dif-
ferent noise processes. Usually, laser phase noise is rather
large in the detecting system. For the ground-based in-
terferometers, two arms are fixed with equal lengths to
make the lasers experience identical delay; therefore, the
laser phase noise can be canceled very well. However,
∗E-mail:yjtan@hust.edu.cn
it is impossible to maintain the length of each arm con-
stant for the space-based interferometers. This results in
that the lasers in different arms have different delays and
residual laser phase noise greatly affects the detecting
sensitivity. To solve this problem, Tinto et al. first pro-
posed time-delay interferometry (TDI) technique [30] to
cancel this noise with different combinations of measured
data, in which the average over the source directions and
polarization states has been done via Monte Carlo com-
puter simulation. In addition, some other explorations
for developing this technique have also been done [31–
43]. However, most of the above works just showed the
mathematical simulation. In this paper, we focus on giv-
ing a full analytical expression of the transfer function
with a Michelson data combination.
As a GW response of space-borne detection is depen-
dent on the information of sources and orientations of the
detectors, it is reasonable to make the inclination, polar-
ization, and sky average and finally obtain an analytical
expression of transfer function. In the analysis of GW re-
sponse, the signal is encoded through two methods. The
first method is to adopt the GW polarization angle de-
pendent on the arm orientations of the detector, so the
projections of GW signal on the two interference arms are
different in the GW frame [25]. The second method is to
divide the signal into two polarization components in the
detector frame [44, 45]. Although there are lots of discus-
sions on these two methods [46, 47], there still lacks the
discussion on analytical formulas. Some previous studies
with the first method have tried to provide the analytical
expression of sensitivity function [25, 48, 49], but the re-
sult is like a kind of semianalytical one. Although the sec-
ond method is mainly used for numerical simulation, we
here start from this method to calculate the contribution
of plus and cross polarizations for both interference arms,
compare the result of the transfer function with that of
the first method, and finally demonstrate the equivalence
of these two methods. Furthermore, we first obtain a full
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FIG. 1: Triangle configuration for space-borne gravitational
wave detector. Here, we have adopted the same convention
as that in [32].
analytical expression of all-sky averaged sensitivity func-
tion with the second method, which is useful to compare
the performances of different space-borne detectors, such
as LISA and TianQin.
The paper is organized as follows. In Sec. II, based on
the Michelson data combination, we review the applica-
tion of TDI technique on canceling laser phase noise. In
Sec. III, we demonstrate the equivalence of two methods
to obtain the all-sky averaged transfer function. In Sec.
IV, combining the noise and signal analysis, we give the
analytical expression of the sensitivity function, and fur-
ther apply it on the cases of LISA and TianQin missions.
The paper is concluded in Sec. V.
II. TIME-DELAY INTERFEROMETRY AND
NOISE CANCELLATION
Space-borne GW detection essentially makes a laser
beam propagating from a remote spacecraft (SC) beat
with a reference beam in local SC. GW in the spacetime
influences the light path and further the beating signal.
Thus, to detect the GW signal is to measure the Doppler
shifts of the laser frequency. Analogous to the work of
Estabrook et.al [37] on TDI technique for LISA mission,
we try to give a detailed analytic study on the applica-
tions of TDI technique for space-borne detectors, and the
noise analysis is focused on in this section.
The geometry of the space-borne detector with the
laser beams is shown in Fig. 1: three spacecrafts (SC1,
SC2, SC3) fly in a triangle formation, where the angle
γ of SC2 and SC3 with respect to SC1 is arbitrary; ev-
ery SC contains two proof masses and two lasers, respec-
tively, mounted on the optical benches, and Zi repre-
sents the fractional frequency fluctuation of the two laser
beams exchanged between the optical benches; three SCs
are joined by laser beams, and the time delay operation
Eij of the beam from ith SC to jth one is defined as
Eijf(t) ≡ f(t − Lij/c) with Lij being the arm length
and c being the speed of light. C˜ij represents the noises
of laser phase and optical benches in the ith SC facing
the jth one. U i and V i (i = 1, 2, 3) represent the frac-
tional frequency fluctuations for the beams propagating
to the ith SC. For convenience, we only consider laser
phase, proof mass and shot noises. Data streams for SC1
can be expressed as [32]
U1 = E31C˜31 − C˜13 + 2δ13 + hU1 + Y shotU1 ,
V 1 = −E21C˜21 + C˜12 + 2δ12 − hV 1 − Y shotV 1 ,
Z1 = C˜12 − C˜13 + δ12 + δ13. (1)
Here, δij is the fluctuation induced by the random veloc-
ity noise of the proof mass, hU1 and hV 1 represent GW
signal, and Y shot is the fluctuation due to shot noise. For
the noise-canceling combination
3∑
i=1
piV
i + qiU
i + riZ
i,
power spectral densities (PSDs) of proof mass and shot
noises [32] can be expressed as
Npf = (
3∑
i=1
|2pi + ri| 2 + |2qi + ri| 2)Spf ,
Nshot = (
3∑
i=1
|pi| 2 + |qi| 2)Sshot, (2)
with Spf ≡ s
2
a
(2πfc)2
and Sshot ≡ (2πf)
2s2
x
c2 , where sa and
sx are amplitude spectral densities (ASDs) of proof mass
acceleration and shot noises, respectively.
For the GW detection, different data combinations
may produce different link configurations. The more
links are, the more experimental data are utilized, and
the better sensitivities will be. However, to derive the
analytic expression of sensitivity function, one usually
starts with the four-link Michelson data combination,
since the calculation is not that complex. For the Michel-
son data combination
X ≡

p1, p2, p3q1, q2, q3
r1, r2, r3


=

 1− E13E31, 0, E31(E12E21 − 1)1− E12E21, E21(E13E31 − 1), 0
(E13E31 − 1)(1− E12E21), 0, 0

 , (3)
the calculation can be further simplified in frequency
domain by assuming Eij = e
iΩL/c, i.e., all of the arm
lengths are assumed to be equal as L. As this data com-
bination can cancel the noises of laser phase and optical
benches, PSD for total noises of the Michelson combina-
3tion can be finally given by [33]
S
(X)
N (f)≡ Npf +Nshot
=(8sin2
4πfL
c
+32sin2
2πfL
c
)Spf+16sin
22πfL
c
Sshot(4)
with f = Ω/2π being the GW frequency.
III. THE TRANSFER FUNCTION OF
SPACE-BORNE GRAVITATIONAL WAVE
DETECTORS
Combining with the Michelson data combination, we
discuss two methods on encoding GW signal into the de-
tectors. One is to adopt the polarization angle dependent
on the arm orientation in GW frame, which makes the
projections of GW signal on the two interference arms
different and is usually used for the four-link configura-
tions; the other is to divide the GW signal into plus and
cross polarizations in detector frame, which is usually
used for more general combinations, such as four-link,
five-link, and full six-link configurations.
A. The first method related to two different
polarization angles
The responses of GW are different for the different in-
terference arms due to the polarization angle dependent
on the arm orientation in GW frame.
First, the single arm case is considered. Assume GW
travels along the z direction and the detection arm is in
x-z plane with an angle θ from z axis. The laser beam
is initially sent out by one SC, received by another SC,
and then back to the first SC. Here, the trajectory of the
laser beam is characterized by a null geodesic along
0 = ds2=−c2dt2+dz2+(1 + h cos 2ψ)dx2+(1−h cos2ψ)dy2
−h sin 2ψdxdy, (5)
with h(t−z/c) the GW amplitude and ψ the polarization
angle. Since the GW perturbation causes the frequency
shift in the round-trip journey, the frequency shift can be
obtained as [50]
z(t, θ, ψ)=
1
2
cos 2ψ[(1−µ)+2µe−iu(1+µ)−(1+µ)e−i2u]h(t),(6)
with µ = cos θ and u ≡ 2πfLc .
For the detector with two interference arms, the GW
frame is established in Fig. 2 [51]. GW propagates along
the wˆ direction with angle θ1 from the eˆX − eˆZ plane.
The GW propagation direction can be written as
wˆ = sin θ1 cos εeˆX + sin θ1 sin εeˆY + cos θ1eˆZ , (7)
and the orthonormal basis vectors are
θˆ1 = cos θ1 cos εeˆX + cos θ1 sin εeˆY − sin θ1eˆZ ,
εˆ = − sin εeˆX + cos εeˆY . (8)
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FIG. 2: The GW frame. The signal propagates along wˆ direc-
tion, which has the angle θ1 and θ2 with the detector arm 1
and 2, respectively. The detector arms 1 and 2, respectively,
locate in the eˆX − eˆZ plane, and the angle between the two
interference arms is γ.
The position vectors of three SCs are
~r1 = 0,
~r2 = LeˆX ,
~r3 = L(sin γeˆX + cos γeˆY ). (9)
Assuming the detector arm between SC1 and SC2 is
arm 1, and that between SC1 and SC3 is arm 2, shown
in Fig. 2, the angles between the detection arms and
GW propagation direction are, respectively, θ1 and θ2,
the polarization angles are ψ1 and ψ2, and the detector
signals in the two interference arms can be written as z1
and z2.
This method paves the way to calculate the approx-
imately analytic expression of the transfer function for
space-borne GW detectors. In general, since one does not
know where GW comes from, the source positions and
polarizations should be averaged, and then the transfer
function can be obtained as [25]
R(u) ≡ 1
4π
π∫
−π
dε
π∫
0
sin θ1dθ1 · 1
2π
2π∫
0
dψ1|z1 + z2|2. (10)
These references [23, 48] have made a lot of efforts to
obtain the analytic expression of Eq. (10) as
R(u) = 4 sin2 u[(1+cos2 βu)(1
3
− 2
u2
)+sin2 u+
4
u3
sinu cosu]
−1
π
sin2 u
∫ 2π
0
dε
∫ +1
−1
dµ1
(
1−2sin2α)η (u, θ1, θ2) (11)
4with
η (u, θ1, θ2)=(cosu−cosuµ1)[cos u−cos(uµ2)]µ1µ2
+[sinu−µ1 sin(uµ1)][sinu−µ2 sin(uµ2)], (12)
which is the present finest analytic expression for four-
link configurations. Unfortunately, this expression still
has the remaining integral term, which is not a thor-
oughly analytic expression. With the approximate for-
mation of this result, many references [48–52] have ana-
lyzed some other physical problems. To solve this semi-
analytic expression problem, we recalculate the sensitiv-
ity function with another method, which will be discussed
in detail in the following sections.
B. The second method related to plus and cross
polarizations
The transfer function can also be obtained from the
viewpoint of the two different GW polarizations, and this
method is usually used for different link configurations.
We choose the detector frame (eˆx, eˆy, eˆz) mounted on
the center of SC1 (see Fig. 3): eˆx is the direction point-
ing toward the middle point between SC2 and SC3, eˆz
the normal direction of the triangle detector plane, and
eˆy completes the reference frame. To understand the
response of GW well, another two coordinate frames
are introduced: the observational reference frame (ORF:
θˆ, φˆ, wˆ) and the canonical reference frame (CRF: pˆ, qˆ, wˆ).
Here, pˆ, qˆ represent the directions of the two polarization
axes of the gravitation radiation, and wˆ is the direction
of GW source seen by an observer at rest in SC1. In
ORF, wˆ can be rewritten as [33–35]
wˆ ≡ −kˆ = sin θ cosφeˆx + sin θ sinφeˆy + cos θeˆz, (13)
with kˆ being the GW propagating direction, and the
transverse plane is spanned by the unit transverse vector
θˆ and φˆ, which are defined as
θˆ ≡ ∂wˆ/∂θ = cos θ cosφeˆx + cos θ sinφeˆy − sin θeˆz,
φˆ ≡ ∂wˆ/ (sin θ∂φ) = − sinφeˆx + cosφeˆy. (14)
Assume CRF can be obtained by rotating ORF with an
angle ψ counterclockwise around wˆ axis, the two polar-
ization axes pˆ and qˆ of the gravitation radiation can be
written as
pˆ = cosψθˆ − sinψφˆ,
qˆ = sinψθˆ + cosψφˆ. (15)
Based on the above analysis, GW signal propagating
along kˆ can be equivalently written in ORF and CRF as
↔
h(t)≡ hCRF+(t)ε+ + hCRF×(t)ε×
= h+(t)e
+ + h×(t)e
×. (16)
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FIG. 3: The detector frame [53, 54].
Here, ε+ ≡ pˆ⊗pˆ−qˆ⊗qˆ, ε× ≡ pˆ⊗qˆ+qˆ⊗pˆ, e+ ≡ θˆ⊗θˆ−φˆ⊗φˆ,
and e× ≡ θˆ ⊗ φˆ + φˆ ⊗ θˆ are, respectively, the basis ten-
sors for the two frames, and hCRF+(t), hCRF×(t), h+(t),
and h×(t) are the corresponding GW amplitudes. The
polarization components in time domain can be written
as [17]
h+(t)=H(
1 + cos2 ι
2
cos 2ψ cosΩt+ cos ι sin 2ψ sinΩt),
h×(t)=H(−1 + cos
2 ι
2
sin 2ψcosΩt+cos ιcos 2ψsinΩt),
(17)
where ι is the inclination angle of source orbital plane
with respect to the pˆ − qˆ plane. H = 2G2M1M2/RD˜ is
the GW strain, which can be written as [10]
H≈6.4×10−23( M1
0.55M⊙
)(
M2
0.27M⊙
)(
5kpc
D˜
)(
6.6×104km
R
) (18)
for the J0806 wave source in TianQin mission. Here, M1
and M2 are the masses of two stars, D˜ is the distance
of the GW source from the sun, and R is the distance
between two stars. Making a Fourier transform for Eq.
(17), one can derive the components in frequency domain
as [35]
h+(Ω)=H(
1 + cos2 ι
2
cos 2ψ − i cos ι sin 2ψ),
h×(Ω)=H(−1 + cos
2 ι
2
sin 2ψ − i cos ι cos 2ψ). (19)
As GW produces spacetime ripples and passes through
the space-borne detectors, it can be measured by Doppler
shifts of laser frequency. A null space-time element cor-
responding to a light path can be written as
0 = ds2 = c2dt2 − dx2 − dy2 − dz2 − hijdxidxj (20)
5with the GW perturbation hij . The Doppler shift of
laser frequency for one arm of the space-borne detectors
has been shown by these works [27, 34, 35]. Assuming a
laser beam from point A is received by point B, the beam
starts at t = t1 from the position ~r(t1) = ~rA, traveling
toward ~r(t2) = ~rB , and the light path is L ≡ c(t2 − t1).
The position vector of the beam at moment t can be ex-
pressed as ~r(t) ≡ ~rA + c(t − t1)nˆ with nˆ being the unit
vector of photon propagation. Therefore, the GW polar-
ization components projected in the beam-propagation
direction can be rewritten as [34]
h(t) ≡ hijninj = h+(t)ξ+ + h×(t)ξ× (21)
with
ξ+ = (θˆ · nˆ)2 − (φˆ · nˆ)2,
ξ× = 2(θˆ · nˆ)(φˆ · nˆ). (22)
Two methods can be used to model the measured result
due to GW perturbation: one is integrating the line ele-
ment along photon path between the two points [27, 34],
and another is calculating the Doppler shift of the pho-
ton propagating from A to B [35]. This one-way signal
response for a beam with the fundamental frequency ν0
has been given as [32]
δν(Ω)
ν0
=
h(Ω)
2(1−kˆ · nˆ)
eiΩ
L+kˆ·~rA
c e−iΩt2
[
1− e−iΩLc (1−kˆ·nˆ)
]
≡ F+(Ω)h+(Ω) + F×(Ω)h×(Ω), (23)
where F+(Ω) and F×(Ω) are the transfer functions of
the GW amplitudes in two polarization directions. Now,
we will calculate the transfer function for the Michelson
combination X . The position vectors of the three SCs
(see Fig. 3) can be rewritten as
~r1 = 0,
~r2 = L(cos
γ
2
, sin
γ
2
, 0),
~r3 = L(cos
γ
2
,− sin γ
2
, 0). (24)
Combining Eqs. (23) and (24), one can obtain the
transfer functions, e.g., the transfer functions for U1 and
V 1 beams can be written as
FU1,+,×(Ω)=
eiΩ(L−wˆ·~r3)/c
2(1− wˆ · ~r3L )
[
1−e−iΩ(L−wˆ·~r3)/c
]
ξ2;+,×,
FV 1,+,×(Ω)=
−eiΩ(L−wˆ·~r2)/c
2(1−wˆ· ~r2L )
[
1−e−iΩ(L−wˆ·~r2)/c
]
ξ3;+,×, (25)
where the directional functions are
ξ2;+ = cos
2θcos2φ˜− sin2 φ˜, ξ2;× = − cos θ sin 2φ˜,
ξ3;+ = cos
2θcos2φ
∼
− sin2 φ
∼
, ξ3;× = − cos θ sin 2φ
∼
(26)
with
φ
∼
≡ φ− γ
2
, φ˜ ≡ φ+ γ
2
. (27)
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FIG. 4: The transfer functions for + and × polarizations
are shown as a function of the variable u for all-sky averaged
GW sources, when the angle between the two interference
arms is λ = pi/3. The orange and blue curves represent the
averaged antenna GW response functions of plus and cross
polarizations, respectively.
.
Similarly, the transfer functions of the other beams can
be also derived. First, consider the metric of a purely
plus-polarized plane gravitational wave, the signal in a
single interferometer arm between SC1 and SC2 can be
obtained.
Thus, GW signal can be finally expressed as
h(Ω) ≡ F+(Ω)h+(Ω) + F×(Ω)h×(Ω) (28)
for the X data combination of four-link configurations,
where the total transfer function is
F+,×(Ω) =
3∑
i=1
piFV i;+,× + qiFUi;+,×. (29)
Here, we have neglected the small GW signal contri-
bution from the beam Zi. Combining Eqs. (3), (23), and
(29), we derive the transfer function as
F+,×=(1−e2iu)−e
iu(1−sinθcos φ
∼
)
2(1−sin θ cosφ
∼
)
[
1−e−iu(1−sinθ cos φ∼)
]
ξ3;+,×
−eiu(1−e2iu) −e
iu
2(1+sin θ cos φ˜)
[
1−e−iu(1+sinθ cos φ˜)
]
ξ2;+,×
+(1−e2iu) e
iu(1−sinθcos φ˜)
2(1−sin θ cos φ˜)
[
1−e−iu(1−sinθ cosφ˜)
]
ξ2;+,×
−eiu(1−e2iu) e
iu
2(1+sin θ cosφ
∼
)
[
1−e−iu(1+sin θ cos φ∼)
]
ξ3;+,×.
(30)
Therefore, the all-sky averaged transfer function is
R(u) = 1
8π
∫ π
−π
dφ
∫ π
0
sin θdθ(|F+ + F×|2). (31)
6The transfer functions for + and × polarizations can be
numerical simulated, shown in Fig. 4. It is found that the
transfer functions are different for different polarizations,
and the low-frequency limits are 14u
4
5 and
10u4
5 for + and× modes, respectively.
C. The equivalence of calculating transfer function
with the two methods
For the two methods discussed above, the first one cal-
culates the transfer function in the GW frame, which
makes the contribution of cross-polarized GW vanished
and the contributions of the plus-polarized GW for the
two interference arms kept [50–52, 55, 56]; while the case
of the + and × polarization contributions with second
method is different. Therefore, it is necessary to study
whether the two methods coincide or not.
Based on Sec. III B, the function F+,× in Eq. (30) can
be divided into F
(1)
+,× and F
(2)
+,× for the two interference
arms. The transfer functions of plus polarization for arm
1 and arm 2 can be, respectively, expressed as
F
(1)
+ =
−e2iu(1−e2iu)
2
[(1−µ1)+2µ1e−iu(1+µ1)−(1+µ1)e−2iu],
F
(2)
+ =
−e2iu(1−e2iu)
2
[(1−µ2)+2µ2e−iu(1+µ2)−(1+µ2)e−2iu]
sin2θ2 − 2(sin ε sin γ)2
sin2θ2
. (32)
Similarly, the transfer functions of cross polarization for
the two arms can be obtained as
F
(1)
× =0,
F
(2)
× =
−e2iu(1−e2iu)
2
[(1−µ2)+2µ2e−iu(1+µ2)−(1+µ2)e−i2u]
2(cos θ1 cos ε sin γ − sin θ1 cos γ)(− sin ε sin γ)
sin2θ2
.
(33)
Therefore, the integrated function of Eq. (31) can be ob-
tained as
1
2
|F+ + F×|2
=
1
2
∣∣∣F (1)+ ∣∣∣2+12
∣∣∣F (+)2 ∣∣∣2+12(F (1)+ F (2)+ ∗+F (2)+ F (1)+ ∗)+12 |F×|2,
(34)
where the factor 12 comes from the integral of polarization
angle ψ.
Based on Sec. III A, Eqs. (32) and (33), the integrand
in Eq. (10) can be rewritten as
|z1+z2|2=
∣∣∣cos 2ψ1F (1)+ ∣∣∣2+
∣∣∣∣∣ cos 2ψ2 sin
2 θ2F
(2)
+
sin2 θ2−2(sin ε sin γ)2
∣∣∣∣∣
2
+
cos 2ψ1 cos 2ψ2 sin
2 θ2
sin2 θ2 − 2(sin ε sin γ)2
[F
(1)
+ F
(2)∗
+ +F
(1)∗
+ F
(2)
+ ].
(35)
According to the relationship of the polarization angle
ψ2 = ψ1 + α and sinα = sin γ sin ε/ sin θ2 (α is the angle
between the plane containing wˆ and arm 1 and the plane
containing wˆ and arm 2), we average the polarization
angle of Eq. (35) and obtain
1
2π
2π∫
0
dψ|z1 + z2|2
=
1
2
∣∣∣F (1)+ ∣∣∣2 + 12
∣∣∣F (2)+ ∣∣∣2 + 12(F (1)+ F (2)+ ∗ + F (2)+ F (1)+ ∗)
+
1
2
∣∣∣∣∣4 sin εsin γ(cos θ1 cos ε sin γ−sin θ1 cos γ)F
(2)
+
sin2θ2−2(sin ε sin γ)2
∣∣∣∣∣
2
.
(36)
Based on the above discussion, the difference of the
transfer functions in these two methods is
|F×|2 −
∣∣∣∣∣4 sin εsin γ(cos θ1 cos ε sin γ−sin θ1 cos γ)F
(2)
+
sin2θ2−2(sin ε sin γ)2
∣∣∣∣∣
2
= 0. (37)
Thus, the two methods for calculating transfer function
are proved equivalent. In the following section, we fo-
cus on deriving the sensitivity function with the second
method and update the analytic expression of the all-sky
averaged transfer function.
IV. SENSITIVITY FUNCTION
Based on the above discussions, we can further calcu-
late the sensitivity function, and apply it to the typical
space-borne detectors: LISA and TianQin. In general,
since we do not know where GWs comes form, we do
not know the exact information about the position of
the GW source. Assuming a uniform source distribu-
tion over sphere, it is reasonable to adopt an inclination-,
polarization-, and sky-averaged sensitivity curve [26, 28].
Firstly, averaging the polarization and inclination, the
PSD of the GW signal emitted by the sources in a cer-
tain direction can be obtained as
Sh(f)≡ T
4π
∫ π
0
sinιdι
∫ 2π
0
∣∣∣h(X)(Ω)∣∣∣2dψ=2
5
TH2(
∣∣∣F (X)+ ∣∣∣2+∣∣∣F (X)× ∣∣∣2)(38)
with T being the observation time. Further making an
all-sky average to achieve the GW signal of the all-sky
sources is not easy, hence a lot of related works just
give the mathematic simulation. Here, we appropriately
adopt a series of coordinate transformations transferring
the spherical surface integral to a plane one, which sim-
plifies the calculation procedure. Finally, the PSD of the
GW signal for the all-sky sources can be obtained as
S˜h(f)≡ 1
4π
∫ π
−π
dφ
∫ π
0
Sh(f)sin θdθ=
4
5
TH2R(u). (39)
7Therefore, the signal-to-noise ratio (SNR) for the
Michelson data combination X at a given GW frequency
f can be defined as
SNR ≡
√√√√ S˜h(f)
S
(X)
N (f)
, (40)
and the sensitivity function
S(f)≡5
√
S
(X)
N (f)
S˜h(f)/H2
=5
√
(8 sin2 2u+ 32 sin2 u)
L2s2
a
u2c4+16
u2s2
x
L2√
4T
5 R(u)
, (41)
where 5 represents the SNR in 1-year observation time
and R(u) ≡ 12 sin2 u[f(u)+ g(u)] is calculated in the Ap-
pendix. Combining the above analysis, we will calcu-
late the sensitivity functions of the equilateral triangle-
formation space-borne GW detectors, LISA and Tian-
Qin. As for γ = π/3, the below simplification can be
derived as
R(u)=2{5+12 ln2
3
− 4
u2
−4[Ci(2u)−Ci(u)]} sin2 u
+2(6 ln 3−12 ln2+1
3
− 4
u2
)cos 2u sin2 u+
10
u2
cosu sin2 u
+8(
1
u
+
2
u3
) cosu sin3 u−2( 7
u
+
5
u3
) sin3 u
−12{cos(2u)[Ci(3u)+Ci(u)−2Ci(2u)]
+sin(2u)[Si(3u)+Si(u)−2Si(2u)]} sin2 u. (42)
This detailed calculation has been presented in the Ap-
pendix. Compared with the approximately analytic cal-
culation of the GW transfer function in Refs. [25, 48],
Eq. (42) is more complete and simpler. This transfer
function can be approximate to 125 u
4+ 337210u
6 at the low-
frequency limit.
For LISA mission, the arm length is L = 2.5× 106km,
and the preliminary goal ASD of the proof mass noise and
shot noise are, respectively, sLISAa = 3×10−15ms−2/
√
Hz,
sLISAx = 20 × 10−12m/
√
Hz, while the case for TianQin
is L = 1.7 × 105km, sTQa = 1 × 10−15ms−2/
√
Hz, and
sTQx = 1×10−12m/
√
Hz. Therefore, the sensitivity curves
of these two missions can be figured out as Fig. 5, both of
which reflect the GW signal emitted by all-sky sources.
This figure shows LISA mission is sensitive to the sig-
nals at a lower frequency band, while TianQin mission is
sensitive to the signals at a higher frequency band.
Essentially, the Michelson data combination only in-
volves two arms, since p2 = q3 = 0. Similar to ground-
based interferometers, one may wonder what the differ-
ence of the sensitivity curve will be if the two arms are
perpendicular to each other. Or what the case is, if the
angle between the two effective interference arms is a
smaller one, such as π/6. Taking LISA mission, e.g., we
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FIG. 5: Sensitivity curves for the GW detectors (LISA and
TianQin) averaging all-sky sources in the four-link configura-
tions.
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FIG. 6: Dependence of the sensitivity curve of LISA mission
for Michelson data combination on the angle between two
effective interfering arms (γ = pi/2, pi/3 and pi/6).
have made a comparison and found the smaller the angle
is, the worse the sensitivity will be (shown by Fig. 6).
Moreover, the magnitude of the sensitivity function is
inversely proportional to the sinusoidal value of the an-
gle approximately at low frequencies (u < π), and the
sensitivity-curve oscillating amplitude at the high fre-
quencies band (u > π) decreases with decreasing the
value of γ. This means the formation with γ = π/2
is the best one for the space-borne GW detector with the
Michelson data combination-type TDI technique.
Although TianQin mission similar to LISA mission can
detect the GW signal emitted by all-sky sources, its pri-
mary goal focuses on the special source J0806, the cal-
culation of whose sensitivity function does not need to
perform the step shown in Eq. (39). In this case, Tian-
Qin detector is designed as the plane composed of the
three SCs being perpendicular to the GW propagation
direction, that is, θ = φ = 0. Thus, according to Eq.
8J0806
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FIG. 7: Sensitivity curve of TianQin mission, which focuses
on the GW signal emitted by the special source (J0806). The
red line and the pink point represent the mission’s sensitivity
curve and the GW signal, respectively.
(A1), the relationship can be obtained as follows:
∣∣∣∣∣F
(X)
+
sinu
∣∣∣∣∣
2
+
∣∣∣∣∣F
(X)
×
sinu
∣∣∣∣∣
2
= 16sin2usin2γ. (43)
Furthermore, one can get the sensitivity function as
STQ(f)≡5
√
S
(X)
N (f)
Sh(f)/H2
=5
√
32 (1+cos2 u)
L2s2
a
u2c4+16
u2s2
x
L2√
2T
5 × 4 sinu sin γ
.(44)
The corresponding sensitivity curve in Fig. 7 shows
TianQin is sensitive to GW signal at about 0.001∼0.5Hz
and insensitive in the high frequency band, and there
are some nodes in some particular frequencies satisfy-
ing u = kπ with k being integer. The signal at these
frequencies cannot be detected, which arises from the
Michelson data combination that not only cancels the
laser phase noise, but also cancels GW signal greatly.
Since this phenomenon only occurs at a certain azimuth
angle, this node effect may be heavily suppressed for the
all-sky source case averaging the sensitivity function over
all-around azimuth angles, which agrees with the curve
at high frequencies in Fig. 5.
V. SUMMARY
This paper calculated the transfer function of space-
borne GW detectors with the method dividing the GW
signal into two polarizations, which is proved to be equiv-
alent with the conventional method. Based on this, we
successfully gave a full analytical expression of the sensi-
tivity function with the Michelson data combination-type
TDI technique and further applied it in LISA and Tian-
Qin missions. Then, we discussed the dependence of the
sensitivity function on the angle between both arms of
the interference, and found the amplitude of the sensi-
tivity only at the low frequencies (u < π) is inversely
proportional to the sinusoidal value of the angle approx-
imately, and at the high frequencies (u > π) oscillates
more heavily with increasing this angle. This analytic
work may guide the experiments to propose that the tech-
nique demands and designs a better GW detector.
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APPENDIX: ANALYTIC CALCULATION
RELATED TO TRANSFER FUNCTION OF THE
GRAVITATIONAL WAVE SIGNAL
This appendix provides a detailed calculation related
to the transfer function of the GW signal with the Michel-
son data combination. According to Eq. (30), we can
derive
∣∣∣∣∣F
(X)
+
sinu
∣∣∣∣∣
2
+
∣∣∣∣∣F
(X)
×
sinu
∣∣∣∣∣
2
=m1(u,θ,φ,γ)+m2(u,θ,φ,γ)+m3(u,θ,φ,γ), (A1)
with
m1(u, θ, φ, γ)=−2{1+cos(2u)+2 cos[2u sin θ sinφ sin(γ/2)]}sin2θ(cos γ+cos 2φ) + 2(3 + cos 2u)(sin2θcos2φ
∼
+sin2θcos2φ˜)
9m2(u, θ, φ, γ)=+ 2


− cos[u(1− sin θ cosφ
∼
)](1 + sin θ cosφ
∼
)2 − cos[u(1 + sin θ cosφ
∼
)](1 − sin θ cosφ
∼
)2
+
[
cos[u(1− sin θ cosφ
∼
)] + cos[u(1 + sin θ cosφ
∼
)]
]
(1− sin2θcos2φ
∼
)


+ 2

− cos[u(1− sin θ cos φ˜)](1 + sin θ cos φ˜)2 − cos[u(1 + sin θ cos φ˜)](1 − sin θ cos φ˜)2
+
[
cos[u(1− sin θ cos φ˜)] + cos[u(1 + sin θ cos φ˜)]
]
(1− sin2θcos2φ˜)


− 2
(
cos[u(1− sin θ cos φ˜)] + cos[u(1 + sin θ cosφ
∼
)]
)
(1 + sin θ cosφ
∼
)(1 − sin θ cos φ˜)
− 2
(
cos[u(1 + sin θ cos φ˜)] + cos[u(1− sin θ cosφ
∼
)]
)
(1− sin θ cosφ
∼
)(1 + sin θ cos φ˜)
+ 2
(
cos[u(1 + sin θ cosφ
∼
)] + cos[u(1 + sin θ cos φ˜)]
)
(1− sin θ cosφ
∼
)(1 − sin θ cos φ˜)
+ 2
(
cos[u(1− sin θ cosφ
∼
)] + cos[u(1− sin θ cos φ˜)]
)
(1 + sin θ cosφ
∼
)(1 + sin θ cos φ˜)
m3(u, θ, φ, γ)=− 4


cos[u(1− sin θ cos φ˜)]
1− sin θ cosφ
∼
2 sin θ cos φ˜
1− sin2θcos2φ˜ +
cos[u(1 + sin θ cosφ
∼
)]
1 + sin θ cos φ˜
−2 sin θ cosφ
∼
1− sin2θcos2φ
∼
+
cos[u(1 + sin θ cos φ˜)]
1 + sin θ cosφ
∼
−2 sin θ cos φ˜
1− sin2θcos2φ˜ +
cos[u(1− sin θ cosφ
∼
)]
1− sin θ cos φ˜
2 sin θ cosφ
∼
1− sin2θcos2φ
∼
+
cos 2u+ cos[u sin θ(cosφ
∼
− cos φ˜)]
(1− sin2θcos2φ
∼
)(1 − sin2θcos2φ˜) 2(1− sin
2θ cosφ
∼
cos φ˜)
−
1 + cos[u sin θ(cosφ
∼
− cos φ˜)]
(1− sin2θcos2φ
∼
)(1 − sin2θcos2φ˜)2(1 + sin
2θ cosφ
∼
cos φ˜)


cos2θsin2γ
(A2)
Further, integrating the angle (θ, φ) for the whole space, one can obtain
1
4π
∫ π
0
sin θdθ
∫ π
−π
dφ


∣∣∣∣∣F
(X)
+
sinu
∣∣∣∣∣
2
+
∣∣∣∣∣F
(X)
×
sinu
∣∣∣∣∣
2

 = f(u)+g(u). (A3)
Here, the functions are
f(u) = f0(u) + bssin
2u+ bccos
2u,
g(u) = g0(u) + gs(u) sinu+ gc(u) cosu, (A4)
with
f0(u) =
4
3
[(3 + cos 2u)− (1 + cos 2u) cos γ] + 16 cosu(1− cos γ) (2− u
2) sinu− 2u cosu
u3
− 4
[
(2u sin γ2 ) cos(2u sin
γ
2 )− sin(2u sin γ2 )
]
(cos γ − 3) + (2u sin γ2 )2 sin(2u sin γ2 )(cos γ − 1)
(2u sin γ2 )
3 ,
bs =
π/2∫
0
sin θ
π
dθ
π∫
0
dφ
16cos2θsin2γ
(1− sin2θcos2φ
∼
)(1− sin2θcos2φ˜) ,
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bc =
π/2∫
0
sin θ
π
dθ
π∫
0
dφ
16cos2θsin2γsin2θ cosφ
∼
cos φ˜
(1 − sin2θcos2φ
∼
)(1 − sin2θcos2φ˜)
g0(u) =
π/2∫
0
sin θ
π
dθ
π∫
0
dφ
16cos2θsin2γsin2θ cosφ
∼
cos φ˜
(1− sin2θcos2φ
∼
)(1− sin2θcos2φ˜) cos[u sin θ(cosφ∼ − cos φ˜)]
gs(u) =
π/2∫
0
sin θ
π
dθ
π∫
0
dφ
−16cos2θsin2γ sin θ
(1− sin2θcos2φ
∼
)(1− sin2θcos2φ˜) [sin(u sin θ cosφ∼) cosφ∼ + sin(u sin θ cos φ˜) cos φ˜]
gc(u) =
π/2∫
0
sin θ
π
dθ
π∫
0
dφ
−16cos2θsin2γsin2θ cosφ
∼
cos φ˜
(1 − sin2θcos2φ
∼
)(1 − sin2θcos2φ˜) [cos(u sin θ cosφ∼) + cos(u sin θ cos φ˜)]. (A5)
Next, we choose appropriate reference frames to simplify
the calculation of the analytic expressions for the inte-
grals of the above equations. First, by the variable sub-
stitution {
x = sin θ cosφ
y = sin θ sinφ
, (A6)
spherical integral of a unit-radius sphere can be equiv-
alent as a circular surface integral. In this case,
sin θdθdφ = dxdy/ cos θ, and the integral region of a
unit hemispherical surface [θ ∈ (0, π/2), φ ∈ (0, 2π)] is
changed as x2 + y2 6 1. Through a further transforma-
tion


x˜ ≡ sin θ cosφ
∼
= x cos
γ
2
+ y sin
γ
2
y˜ ≡ sin θ cos φ˜ = x cos γ
2
− y sin γ
2
, (A7)
the circular surface integral is stretched as an elliptic in-
tegral, dxdy = dx˜dy˜/ sin γ, and the integral region of a
circular surface is changed as x˜
2
2 cos2 γ/2 +
y˜2
2 sin2 γ/2 6 1.
Thus, the calculation of Eq. (A5) can be simplified. For
example, bc can be written as
bc =
8
π
1∫
−1
dy˜
y˜
1− y˜2
y˜ cos γ+sinγ
√
1−y˜2∫
y˜ cos γ−sin γ
√
1−y˜2
dx˜
√
sin2γ − x˜2 − y˜2 + 2x˜y˜ cos γx˜
1− x˜2 , (A8)
where the second integral can be calculated as
y˜ cos γ+sin γ
√
1−y˜2∫
y˜ cos γ−sinγ
√
1−y˜2
dx˜
√
sin2γ − x˜2 − y˜2 + 2x˜y˜ cos γx˜
1− x˜2 = π
[ |y˜ + cos γ| − |y˜ − cos γ|
2
− y˜ cos γ
]
.
(A9)
Therefore, Eq. (A8) can be given as
bc =8(1−cosγ)ln1+cosγ
1−cosγ−16 cosγ ln
2
1+cosγ
. (A10)
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Similarly, the others functions can be derived as
bs=8(1− cos γ)ln1 + cos γ
1− cos γ + 16 ln
2
1 + cos γ
,
g0(u)=32
sin(2usin2 γ2 )−sin γ2 sin(2u sin γ2 )
u
−16cos2 γ
2
{cos(2u)[Ci(2u+2 sinγ
2
u)+Ci(2u−2 sinγ
2
u)−2Ci(2u−2sin2γ
2
u)]
+sin(2u)[Si(2u+2 sin
γ
2
u)+Si(2u−2 sinγ
2
u)−2Si(2u−2sin2γ
2
u)]}+32sin2γ
2
[
Ci(2 sin
γ
2
u)−Ci(2sin2 γ
2
u)
]
,
gs(u) =−32cos(u cos γ)−cosu
u
−16 cosγ{cosu [Si(u+u cosγ)−Si(u−u cosγ)]+sinu [−Ci(u+u cosγ)+Ci(u−u cosγ)]}
+16{cosu [2Si(2u)−Si(u+u cosγ)−Si(u−u cosγ)]−sinu [2Ci(2u)−Ci(u+u cosγ)−Ci(u−u cosγ)]},
gc(u)= 32cosγ
sin(ucos γ)−cosγ sinu
u
−16{cosu [Ci(u+u cosγ)−Ci(u−u cosγ)]+sinu [Si(u+u cosγ)−Si(u−u cosγ)]},
+16 cosγ{cosu [2Ci(2u)−Ci(u+u cosγ)−Ci(u−u cosγ)]+sinu [2Si(2u)−Si(u+u cosγ)−Si(u−u cosγ)]}, (A11)
thus we can obtain the analytic expression of Eq. (A4) for arbitrary value of the angle γ. Then, we simplify the above
functions and get the following results:
f(u)=
4
3
[(3+cos2u)−(1+cos2u) cos γ]+16 cosu(1−cosγ) (2−u
2) sinu−2u cosu
u3
+16 ln
2
1+cosγ
(
sin2 u−cos2u cosγ)
+ 8(1−cosγ)ln1+cosγ
1−cosγ−4
[
(2u sin γ2 ) cos(2u sin
γ
2 )−sin(2u sin γ2 )
]
(cos γ−3)+(2u sin γ2 )2 sin(2u sin γ2 )(cos γ−1)
(2u sin γ2 )
3
g(u) = 32 sin
γ
2
sin γ2 sin(2u)− sin(2u sin γ2 )
u
− 32sin2 γ
2
[
Ci(2u)− Ci(2 sin γ
2
u)
]
−16cos2 γ
2

cos(2u)
[
Ci(2u+2 sin γ2u)+Ci(2u−2 sin γ2u)−2Ci(2u−2sin2 γ2u)−2Ci(2u)+2Ci(2cos2 γ2u)
]
+sin(2u)
[
Si(2u+2 sin γ2u)+Si(2u−2 sin γ2u)−2Si(2u−2sin2 γ2u)−2Si(2u)+2Si(2cos2 γ2u)
]  (A12)
with SinIntegral Si(z) =
∫ z
0
sin t/t dt and CosIntegral Ci(z) = − ∫∞
z
cos t/t dt.
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